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The Seebeck effect and Nernst effect, reflecting the appearances of a longitudinal electric field and
a transverse electric field, Ex and Ey, induced by a longitudinal thermal gradient, respectively, are
theoretically studied in QGP at a perpendicular magnetic field placed in z-axis. The calculations
of associated Seebeck coefficient (Sxx) and Nernst signal (N) are performed using the relativistic
Boltzmann equation under relaxation time approximation. In an isotropic QGP, the influences of
magnetic field (B) and quark chemical potential (µq) on these thermoelectric transport coefficients
are investigated. In the presence (absence) of weak magnetic field, we find Sxx for a fixed µq is
negative (positive) in sign, indicating dominant carriers that convert heat gradient to electric field
are negatively (positively) charged quarks. The absolute value of Sxx decreases with increasing
temperature. Unlike Sxx, the sign of N is dependent of charge carrier type and its thermal behavior
displays a peak structure. In the presence of strong magnetic field, the motions of (anti-)quarks can
be quantized to Landau level states, only the Seebeck coefficient along the direction of magnetic
field, Szz, is concentrated in this work. The results show that the value of Szz at a fixed µq always
remains positive. Compared to in lowest Landau level approximation, Szz within the effect of higher
Landau levels has a significant enhancement eventhough the increment can be slightly suppressed as
Landau level increases. The computation of these thermoelectric transport coefficients also extends
to a medium with momentum anisotropy induced by initial spatial expansion and strong magnetic
field.
I. INTRODUCTION
It has been known that the strong interaction can be described by Quantum Chromodynamics (QCD). QCD predicts
a possible phase transition from hadronic matter to Quark-Gluon Plasma (QGP) can be realized with the increases
of temperature and density. Heavy-ion collisions (HICs) experiments at the Relativistic Heavy-Ion Collider (RHIC)
and the Large Hadron Collider (LHC) can provide an opportunity to deeply exploring and understanding strongly
interacting matter. Recently the results of non-central HIC experiments [1–3] have been carried out the presence
of an enormous magnetic field in the direction perpendicular to reaction plane is expected. The field strength at
primary stage (1∼2 fm/c) of collisions can reach eB ∼ m2pi ∼ 0.02 GeV2 for RHIC and eB ∼ 15m2pi ∼ 0.3 GeV2
for LHC [4]. The magnetic field can persist long-lived due to the presence of electrical conductivity [5–7]. In the
past years, a variety of novel insights of strongly interacting matter induced by strong magnetic background field
have sparkled considerable research such as chiral magnetic effect [4, 8, 9], the chiral magnetic wave [10, 11], inverse
magnetic catalysis [12–18], and the heavy quark transport [19–25], etc. Thus understanding the magnetic field induced
phenomenological consequences and its effect on transport properties can provide a comprehensive understanding of
complex QCD matter.
Transport coefficients characterizing the dynamical evolution of system play a crucial role to probe the strongly
interacting matter. Exploring the effect of magnetic field on the transport coefficients in QCD matter haven been
studied in numerous works. In the literature, the ranges of field can be roughly categorized into three scenarios: weak
magnetic case or classical case, strong magnetic field case or Landau-levels case, stronger field limit case or lowest
Landau level (LLL) case. In the weak field case, as the magnetic field is not the dominant energy scale, the scattering
mechanism of constituents in medium can not directly affected by the presence of magnetic field and quantum effects
are negligible. For the QGP in the strong magnetic field, the motions perpendicular to magnetic field for charged
particles can be restricted by Landau quantization, accordingly the dispersion relation of quarks can be written as
q,l =
√
p2z +m
2
q + 2l|qfeB| (l = 0, 1, . . . is the number of the Landau energy level; B is the magnetic field oriented
along z axis in this work; mq is the current mass of quarks; pz is the momentum of charged particle along the direction
of magnetic field; qfe is the electric charge for f -th flavor quarks;). In the stronger magnetic field limit case, the
magnitude of field is sufficiently greater than other energy scales of system, the transition from the LLL states to high
Landau levels (hLLs) states is significantly suppressed due to large required energy gap ∼ √2leB, therefore only LLL
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2states are thermally occupied in system. For each case, various approximations as well as the hierarchy of scales are
used to simplify numerical calculation. In the context of weak field, electrical conductivity for QGP recently have been
computed using kinetic theory as well as Kubo formula [26] and quasi-particle models [27, 28]. The systematic studies
of shear viscosity at weak field have been done within perturbative QCD in leading log [29]. These quantities also have
been investigated in hadronic matter at weak magnetic field based hadron resonance gas model (HRG) using relaxation
time approximation (RTA) [30, 31]. At strong magnetic field within LLL approximation, electrical conductivity along
the direction of magnetic field in QGP has been computed using diagrammatic method [33], perturbative QCD
approach [32], and effective quasi-particle model [34]. In LLL approximation, the effect of magnetic field on other
observables like viscosities [35–39], heavy quark complex potential [43] diffusion coefficents of heavy quark [19, 40],
heavy quark collisional energy loss [41], the properties of quarkonium states [87] and jet quenching parameter [44]
also have been investigated. And the effect of hLLs on various transport coefficients has been analyzed recently in
Refs. [39, 40, 45, 46].
Besides aforementioned common transport coefficients, attention recently has been turned to the studies of electro-
magnetic and thermoelectric effects such as Hall effect, Seebeck effect and Nernst effect, which are also fundamental
probes to understand electrical transport properties for strongly correlated matter. Hall effect is the generation of a
transverse electric field in an electric current-carrying conductor when a uniform magnetic field perpendicular to the
direction of current is applied, which is usually studied in solid materials. In the hot QCD matter due to the significant
initial velocity of charged particles along the beam direction is perpendicular to produced magnetic field created in
non-central HICs, the Lorentz force results in an electric current transverse to both the velocity and magnetic field,
indicating the investigation of Hall effect in strongly interacting matter is reasonable. Actually the conductivity asso-
ciated this Hall current, Hall conductivity, in baryon rich hadronic matter as well as QGP matter at a finite magnetic
field within the kinetic theory framework has been estimated already [26, 28, 30]. The Hall component of viscosity
also recently has been studied in holographic model [47]. Actually in the presence of magnetic field, a current of
charge carriers can be deflected, no matter it is an electrical current or a thermal current. In a realistic conducting
medium, the heat diffusion along different directions is usually hard to completely elimate, thus when a longitudinal
temperature gradient (5xT ) exsits, a corresponding longitudinal electric field Ex can be arised. By application of an
external magnetic field along z-axis the thermal current of charge carriers due to longitudinal temperature gradient
can be deflected to y-axis, accordingly a transverse electric field Ey also can be generated. The appearances of a
longitudinal electric field and a transverse electric field due to longitudinal thermal gradient are called Seebeck effect
and Nernst effect, respectively. The proportionality constants, Ex5xT and
Ey
5xT in zero-current condition are called
Seebeck coefficient a.k.a longitudinal thermopower (Sxx) and Nernst signal a.k.a transverse thermopower (N). The
magnitudes of Sxx and N reflect the efficiency of a thermoeletric materials for the conversion of heat into electrical
power. In condensed matter physics, Seebeck and Nernst effects have been studied in various solid state matters, such
as semiconductors [48], Bismuth [49], graphene [50] and Weyl semimetal [51, 52]. Very recently, Seebeck coefficient
has been explored in hot and dense hadronic matter at vanishing magnetic field [53]. The Nernst effect in a strongly
correlated system at finite magnetic field has been also studied by the gauge gravity duality [54]. To the best of our
knowledge, there is no estimation of Seebeck effect and Nernst effect for QGP at an external magnetic field in the
relativistic kinetic theory. Hence, this provides a main motivation for the phenomenological study performed in this
paper. Conventionally, an ideal assumption that constituents of QGP are isotropic in momentum space is employed
in most works. However, due to the geometry of primary fireball generated in non-central HICs is asymmetric, a more
rapid expansion parallel to the beam direction (denoted as ||) compared in the plane (denoted as ⊥) perpendicular to
beam direction, i.e. p||  p⊥ [55, 56]. And the presence of shear viscosity also can contribue to such momentum-space
anisotropy, leading anisotropy survives a long time [56]. There are extensive studies to explore the influnence of mo-
mentum anisotropy induced by initial spatial expansion on various transport coefficients [55], collective excitations of
hot QCD medium [58], quarkonium bound state [56, 57]. Apart from initial spatial-driven momentum anisotropy, the
momentum imbalance also can be induced by strong magnetic field. As metioned before, in strong magnetic field the
motions of charged particles in the plane (⊥) perpendicular to the direction of magnetic field (z-axis) can be quantized,
the dynamic motion is mainly along z-axis rather than along the plane, i.e. p⊥  pz. The influence of the anisotropy
induced by strong field on transport coefficients have been studied in Ref. [59], recently. Hence investigating how the
momentum anisotropy induced by initial spatial expansion and magnetic field affects the quantitative and qualitative
features of thermoelectric coefficients in QGP is also a interest subject for us.
In present work, we first calculate the Seebeck coefficient and Nernst signal in an (an-)isotropic medium for finite
quark chemical potential at weak magnetic field within hierarchy of scales αsT
2  T 2, eB  g2T 2 (αs = g2/4pi is
QCD running coupling constant, g is the QCD charge;). In hot QCD medium, the gluons and quarks get respective
squared screening mass, which are propotional to αsT
2 [60] whereas their momenta are hard ∼ T . The hierachy of scale
αsT
2  T 2 indicates that the self-energy corrections to hard quarks and gluons in leading order of perturbative QCD
calculation can be reasonably neglected. The assumption eB  g2T 2 means that scattering processes between thermal
constituents are unaffectd directly by magnetic field. Different to the traditional binary scatterings at weak magnetic
3field, due to the dimensional reduction of (anti-)quarks in the presence of strong magnetic field, the mixmatching
dimensions between (anti-)quarks and gluons leas to the novel scattering process for quark-antiquark pair fusion is
possible [5, 61]. Next, we calculate the component of Seebeck coefficient along the direction of magnetic field (Szz)
in an (an-)isotropic medium under LLL approximation within hierarchy of scales αseB  T 2  eB introduced by
K. Fukushima et al [19]. The second inequality indicates that in stronger field limit only LLL states are occupied in
system whereas the contribution from hLLs states are neglected due to the suppression for the power of e−
√
eB/T . The
explanation of the first inequality is similar to that of αsT
2  T 2, except that the Debye mass from quark-loop in
strong magnetic field is propotional to
√
αs,BeB. In LLL approximation, we consider two kind of scattering processes,
namely, quark-antiquark pair to gluon 2 → 1 process and usual quark-antiquark t-channel 2 → 2 process, where the
small current (anti-)quark mass can not be ignored because the scatterings are forbidden in massless limit according
to the chirality conservation [62]. We find when m2q  αseB though two processes are of the same order of αs,B , the
inverse thermal average relaxtion time for 2 → 1 processes is much larger that for 2 → 2 process, indicating 2 → 1
process is significantly dominated in magnetized medium. Nevertheless, it does not affect the calculation of Szz for
both scattering processes. When the magnetic field is not so large within regime g2T 2  eB introduced in Ref. [45],
contribution from hLLs needs to be considered in the computation of Szz. we find Szz has a numerical enhancement
within the effect of hLLs as compared to that in LLL approximation whereas the degree of this enhancement can be
suppressed with the increase of Landau level. Note that in this work we treat the magnetic field as an external degree
of freedom, i.e, we neglect the back reaction of medium on magnetic field.
The manuscript is organized as follows. In Section. II we derive the general fomulation of thermoelectric and electric
conductivity tensors in an (an-)isotropic medium at weak magnetic field by solving the relativistic Boltzmann equation
within RTA. And the general expressions of Seebeck coefficient and Nernst signal are presented. In Section. III we
also deduce the formula of tensors as well as Seebeck coefficient, which are along the direction of strong magnetic field
in Landau quantization using same methodological of Section. II. In Section. IV the generalized expression of thermal
relaxation times related to quark chemical potential and anisotropic parameter at both weak magnetic field and
strong field are given. In Section. V we discuss the qualitative and quantitative natures of thermoelectric transport
coefficients. In Section. VI we present a summary and provide an outlook for the future. More detailed derivation
of relaxation time in weak magnetic field and in LLL approximation can be found in Appendix A and Appendix B,
respectively.
II. THERMOELECTRIC COEFFICIENT IN AN (AN-)ISOTROPIC MEDIUM AT WEAK MAGNETIC
FIELD
At low magnetic field within hierarchy of scale eB  g2T 2, the motions of charge particles are not Landau
quantizable, the classical kinetic theory is used. The relativistic Boltzmann equation for a single particle distribution
function fa in the uniform electric field and magnetic field can be given by
∂fa
∂t
+ va · ∂fa
∂r
+ ea[E + va ×B] · ∂fa
∂p
= C[fa], (1)
where ea = qae, qa and va = p/a are fractional charged value and velocity for particle species a, respectively.
a =
√
p2 +m2a is energy denisty of particle species a, ma is current mass of a-th species. We take E = (Ex, Ey, 0)
and B = (0, 0, B) in system. The right side of Eq. 1 is the collisional term for a single particle. Assuming the system
has a small departure from local equilibrium state, the collisional term within relaxation time approximation can read
as,
C[fa] ' −δfa
τa
, (2)
where τa is the relaxation time of particle species a. And δfa is the small perturbation around equlibrium distribution,
which can be taken as
δfa = fa − f¯a, (3)
where f¯a is local equilibrium distribution function. In an (an-)isotropic medium induced by initial spatial expansion
f¯a can be expressed as [63]
f¯a =

f¯0a (p) =
1
e
(
√
p2+m2a−µa)β±1
, with isotropic momentum
f¯ξa(p) =
1
e
(
√
p2+ξ(p·n)2+m2a−µq)β±1
, with anisotropic momentum
(4)
4where β = 1/T denotes inverse temperature. µa is chemical potential for particle specie a, ± corresponds to fermions
and bosons respectively. The anisotropic parameter ξ is defined as [63]
ξ =
〈p2⊥〉
2〈p2||〉
− 1, (5)
where p|| = p · n and p⊥ = p − n(p · n) are momentum components which are parallel and perpendicular to the
direction of momentum anisotropy, n, respectively. p = (p sin θ cosφ, p sin θ sinφ, p cos θ) and n = (sinα, 0, cosα),
where assuming α is the angle between z direction and n direction. And ξ > 0 means to a contraction of the
momentum along n direction whereas −1 < ξ < 0 represents the stretching of momentum along n direction. As
metioned in introduction, for the anisotropic medium induced by initial spatial expansion, ξ always larger than zero.
In weak ξ limit (0 < |ξ|  1), f¯ξa can expand in a Taylor series and take only leading order term in ξ,
f¯ξa = f¯
0
a −
ξβ
2a
f¯0a (1− f¯0a )(p · n)2. (6)
Assuming the distribution functions and chemical potential are time independent and space-time independent, re-
spectively, Eq. 1 can be rewritten as[
νa − eaB(vx ∂
∂py
− vy ∂
∂px
)
]
fa = νaf¯a − eaEx
∂
∂px
f¯a − eaEy
∂
∂py
f¯a − (va · 5rT ), (7)
where νa = 1/τa is the inverse relaxation time of a-th species. In order to solve the Eq. 7, we further assume fa in an
anisotropic medium satisfies the following linear form
fξa(p) = f¯
ξ
a −
1
νa
eE · ∂f¯
ξ
a(p)
∂p
−Ξ · ∂f¯
ξ
a(p)
∂p
− 1
νa
v · ∂f¯
ξ
a(p)
∂r
. (8)
Inserting Eq. 8 into Eq. 7 and assuming no temperature gradient exists along z-axis, we obtain
νaF (Ξxvx + Ξyvy) +
ωc,aF
νa
(eExvy − eEyvx) +
ωc,a
νa
G(5yTvx −5xTvy) + ωc,aF (Ξxvy − Ξyvx) = 0 (9)
where ωc,a = eaB/a is the cyclotron frequency of particle species a, and the expressions of G and F can read as
F = βf¯0a (1− f¯0a )(1 + ξ)−
ξβ2p2
2a
f¯0a (1− f¯0a )(1− 2f¯0a +
1
βa
), (10)
G = β2(a − µa)f¯0a (1− f¯0a )−
ξβ3p2
2a
(a − µa)f¯0a (1− f¯0a )(1− 2f¯0a −
1
β(a − µa) ). (11)
Comparing the coefficients of vx and vy, one gets
νaFΞx − ωc,a
eEy
νa
F − ωc,aFΞy +
ωc,a
νa
G5y T = 0 (12)
νaFΞy + ωc,a
eEx
νa
F + ωc,aFΞx −
ωc,a
νa
G5x T = 0 (13)
Solving Eqs. 12-13 we get
Ξx = −
ω2c,aeEx
νa(ω2c,a + ν
2
a)
+
ωc,aeEy
ω2c,a + ν
2
a
− ωc,aG
F (ωc,a + ν
2
a)
5y T +
ω2c,aG
νaF (ω2c,a + ν
2
a)
5x T, (14)
Ξy = −
ωc,aeEx
ωc,a + ν
2
a
− ω
2
c,aeEy
νa(ω2c,a + ν
2
a)
+
ω2c,aG
Fνa(ω2c,a + ν
2
a)
5y T +
ωc,aG
F (ω2c,a + ν
2
a)
5x T (15)
we insert Eqs. 14 and 15 to Eq. 8 can obtain
δfξa = f
ξ
a − f¯ξa =
ωc,aF
(ω2c,a + ν
2
a)
(eEyvx − eExvy) + νaF
ω2c,a + ν
2
a
(eExvx + eEyvy) (16)
+
ωc,aG
ω2c,a + ν
2
a
(5xTvy −5yTvx)− νaG
ω2c,a + ν
2
a
(5xTvx +5yTvy).
5In a conducting medium, charge carriers moving along the direction of thermal current due to thermal gradient
accumulate on the cold side and an electric field can be arised. This electric field in turn induces an electric current in
the opposite direction to the thermal current, accordingly a net electric current exists in medium. When a magnetic
field perpendicular to thermal gradient (assuming thermal gradient is in longitudinal direction) is applied, charge
carriers moving along longitudinal thermal gradient and longitudinal electric field opposing the thermal force can be
deflected, a transverse net electric current also can be generated. Hence, in linear response theory, the general formula
of electric current density (J) in responce to electric field (E) and temperature gradient (5T ) is given by [64]
J = e
∫
d3p
(2pi)3
vδf = σˆ ·E + αˆ(−5 T ), (17)
where σˆ and αˆ are the electrical conductivity tensors and thermoelectric (Peltier) conductivity tensors, respectively.
Accordingly the electric current density can further decompose as [65]
Jx = σxxEx + σxyEy + αxx(−5x T ) + αxy(−5y T ), (18)
Jy = σyyEy + σyxEx + αyy(−5y T ) + αyx(−5x T ), (19)
where we use the anti-symmetric properties of thermoelectric and electric conductivity tensors in a magnetic field,
σxx(αxx) = σyy(αyy) and σxy(αxy) = −σyx(αyx). The first term in Eq. 18 (Eq. 19) is the electric current due to the
electric field along x (y) axis induced by the more accumulating carriers on the cold side of the medium, and the third
term in Eq. 18 (Eq. 19) is the thermal current due to the thermal gradient in the x (y) direction. The second term
and fourth term in Eq. 18 (Eq. 19) are deuterogenic terms due to the deflection of the first term and third term in
Eq. 19 (Eq. 18) by the magnetic field directed along z-axis.
In absence of net electric current (i.e. putting Jx = Jy = 0), assuming thermal gradient purely along x-axis,
i.e. 5xT 6= 0, 5yT = 0 (isothermal condition) to avoid complicating the unambiguous determination of Seebeck
coefficient and Nernst signal. Then we derive the expressions of the longitudinal Seebeck coefficient and Nernst signal
for a-th charged particles from Eqs. 18 and 19 [65–67]
Sxx,a =
Ex
dT/dx
|Jx=Jy=0 =
σxx,aαxx,a + σxy,aαxy,a
σ2xx,a + σ
2
xy,a
, (20)
Na = Syx,a =
Ey
dT/dx
|Jx=Jy=0 =
σxy,aαxx,a − σxx,aαxy,a
σ2xx,a + σ
2
xy,a
. (21)
Inserting Eq. 16 to Eq. 17 and using linear Eqs. 18 and 19, we can get the expressions of electrical conductivity (σxx,a)
and Hall conductivity (σxy,a) of a-th species in an anisotropic medium, which are given by(
σxx,a
σxy,a
)
= da
e2q2aβ
3
∫
d3p
(2pi)3
p2
2p
1
ω2c,a + (ν
ξ
a)2
(
νξa
ωc,a
)
f¯0a (1− f¯0a )(1 + ξ)
−da e
2q2aβ
2ξ
18
∫
d3p
(2pi)3
p4
3p
1
ω2c,a + (ν
ξ
a)2
(
νξa
ωc,a
)
f0a (1− f¯0a )(1− 2f¯0a +
1
βp
), (22)
where da and ν
ξ
a are degeneracy factor and the inverse relaxation time associated with ξ for particle species a,
respectively. When ξ = 0, Eq. 22 reduces to stardand form in the isotropic medium,(
σxx,a
σxy,a
)
= da
e2q2aβ
3
∫
d3p
(2pi)3
p2
2p
1
ω2c,a + (νa)
2
(
νa
ωc,a
)
f¯0a (1− f¯0a ). (23)
Accordingly, longitudinal thermoelectric conductivity (αxx,a) and transverse thermoelectric conductivity (αxy,a) of
a-th species within the effect of anisotropy also can read as(
αxx,a
αxy,a
)
= da
eqaβ
2
3
∫
d3p
(2pi)3
p2
2p
p − µa
ω2c,a + (ν
ξ
a)2
(
νξa
ωc,a
)
f¯0a (1− f¯0a )
−da eqaβ
3ξ
18
∫
d3p
(2pi)3
p4
3p
1
ω2c,a + (ν
ξ
a)2
(
νξa
ωc,a
)
(p − µa)f¯0a (1− f¯0a )(1− 2f¯0a −
1
β(p − µa) ). (24)
6For the isotropic medium, the expressions of thermoelectric conductivity tensors can be simplified as(
αxx,a
αxy,a
)
= da
eqaβ
2
3
∫
d3p
(2pi)3
p2
2p
p
ω2c,a + ν
2
a
(
νa
ωc,a
)
f¯0a (1− f¯0a )
−da eqaβ
2
3
∫
d3p
(2pi)3
p2
2p
µa
ω2c,a + ν
2
a
(
νa
ωc,a
)
f¯0a (1− f¯0a ). (25)
Since the total Seebeck coefficient (Sxx) and Nernst signal (N) are the sum of contributions from different
types of carriers weighted by the respective electrical conductivities [68], for multi-flavors (anti-)quark system
(f = up (u), down (d), strange (s)), the formulas of Sxx and N can be written as,
Sxx =
∑
f (Sxx,qfσxx,qf + Sxx,q¯fσxx,q¯f )∑
f (σxx,qf + σxx,q¯f )
, N =
∑
f (Nqfσxx,qf +Nq¯fσxx,q¯f )∑
f (σxx,qf + σxx,q¯f )
, (26)
where the denominator in Eq. 26 denotes total electrical conductivity (σxx), accordingly other total tensors from
different flavors (anti)-quarks also can be given as σxy =
∑
f (σxy,qf + σxy,q¯f ), αxx =
∑
f (αxx,qf + αxx,q¯f ), αxy =∑
f (αxy,qf + αxy,q¯f ), respectively.
III. THERMOELECTRIC COEFFICIENT IN AN (AN-)ISOTROPIC MEDIUM AT STRONG
MAGNETIC FIELD
At strong magnetic field directed in z-axis within regime g2T 2  eB, if we still take electric field along x-direction
electrical conductivity (σxx) in the one-loop perturbative calculation [69] is zero and Hall conductivity σxy = Tnee/B
(where ne is electron number density). Very recently, S.Lin et al have deduced the general formulas of σxy and σxx
based on chiral kinetic theory with full Landau level basis [70]. However, due to the lack of corresponding collisional
term, it still remains a great challenge to fully understand the flavor dynamics of a magnetized QCD plasma in the
background of strong magnetic field perpendicular to electric field. According to the available knowledge, we only
focus the simply situation in which electric field along the direction parallel to the direction of magnetic field. The
linear relativistic Boltzmann equation for a charged particle distribution related to magnetic field fB,a at an external
electric field E = (0, 0, Ez) in RTA can be given as
∂tfB,a + vz∂zfB,a + eEz
∂fB,a
∂pz
= −δfB,a
τB,a
, (27)
so the δfB,a can be written as
δfB,a = −τB,a[vz∂z f¯B,a + eqaEz
∂f¯B,a
∂pz
]. (28)
Due to the motions of (anti-)quarks are mainly restricted to the direction of magnetic field, the local equilibrium
distribution function of charge particle f¯B,a in an (an-)isotropic medium induced by strong magnetic field can be
written as
f¯B,a =
 f¯
0
B,a =
1
e(a,l−µa)β+1
, with isotropic momentum (ξ′ = 0) ;
f¯ξ
′
B,a =
1
e
(
√
2
a,l
+ξ′(p·n′)2+m2a−µa)β+1
, with anisotropic momentum (ξ′ 6= 0) . (29)
Here assuming the direction of anisotropy n′ is directed in the direction of magnetic field and p ≈ (0, 0, pz). Unlike
the anisotropic parameter ξ, the anisotropic parameter ξ′ induced by strong magnetic field is always negative because
p⊥ becomes much smaller than p|| in strong magnetic field. In small ξ′ limit (|ξ′|  1), f¯ξ
′
B,a also can expand in Talyor
series to order ξ′,
f¯ξ
′
B,a = f¯
0
B,a −
ξ′βp2z
2a,l
f¯0B,a(1− f¯0B,a). (30)
The phase space integration for a-th species in strong magentic field (B) due to dimensional reduction is given by∫
d3p
(2pi)3 =
|qaeB|
2pi
∫
dpz
2pi . Therefore, electric current density along z-axis can be written as
Jzz,a = eqaNc
∑
l
(2− δ0l) |qaeB|
2pi
∫
dpz
2pi
vzδfB,a = σzz,aEz + αzz,a(−5z T ), (31)
7where (2 − δ0l) is spin degeneracy factor. Since the direction of temperature gradient is parallel to the direction
of magnetic field, there is no Nernst effect. Setting Jzz,a = 0, the Seebeck coefficient of particle species a directed
in z direction, Sxx,a, can be expressed as Szz,a =
Ez
5zT =
αzz,a
σzz,a
, where σzz,a (αzz,a) is the component of electrical
(thermoelectric) conductivity along z direction. Using Eqs. 28, 29, 30 and 31 we can get the following formulas of
σzz,a and αzz,a for charge particle specie a in an (an-)isotropic medium
σzz,a = −e2q2aNc
|qaeB|β2ξ′
2pi
∑
l
(2− δ0l)
∫
dpz
2pi
p4z
23a,l
τ ξ
′
B,af¯
0
B,a(1− f¯0B,a)(1− 2f¯0B,a +
1
βa,l
)
+e2q2aNc
|qaeB|β
2pi
∑
l
(2− δ0l)
∫
dpz
2pi
p2z
2a,l
τ ξ
′
B,af¯
0
a,B(1− f¯0B,a)(1 + ξ′); (for ξ′ 6= 0) (32)
= e2q2aNc
|qaeB|β
2pi
∑
l
(2− δ0l)
∫
dpz
2pi
p2z
2a,l
τB,af¯
0
B,a(1− f¯0B,a). (for ξ′ = 0), (33)
and
αzz,a = −eqaNc
|qaeB|β3ξ′
2pi
∑
l
(2− δ0l)
∫
dpz
2pi
p4z
23a,l
τ ξ
′
B,a(a,l − µa)f¯0B,a(1− f¯0a )(1− 2f¯0B,a −
1
β(a,l − µa) )
+eqaNc
|qaeB|β2
2pi
∑
l
(2− δ0l)
∫
dpz
2pi
p2z
2a,l
τ ξ
′
B,a(a,l − µa)f¯0B,a(1− f¯0B,a); (for ξ′ 6= 0) (34)
= eqaNc
|qaeB|β2
2pi
∑
l
(2− δ0l)
∫
dpz
2pi
p2z
2a,l
τB,a(a,l − µa)f¯0B,a(1− f¯0B,a). (for ξ′ = 0). (35)
Here τ ξ
′
B,a is the relaxation time associated with B and ξ
′ for particle species a. The total Szz in QGP with three-flavor
(anti-)quarks can be given as,
Szz =
∑
f (Szz,qσzz,q + Szz,q¯σzz,q¯)∑
f (σzz,a + σzz,q¯)
=
∑
f (αzz,q + αzz,q¯)∑
f (σzz,q + σxx,q¯)
=
αzz
σzz
, (36)
where αzz (σzz) is total thermoelectric (electrical) conductivity along z-axis in QGP.
IV. THERMAL RELAXATION TIME
In this work, the relaxation time, incorporating all interaction processes of constituents is an important dynamic
input for the calculation of thermoelectric coefficients, which can be estimated using perturbative QCD approach.
The computation of relaxation time inevitably involves the choice of running coupling constant, which can be obtained
from the Debye mass. Conventionaly, the Debye screening mass is obtained by the static limit of the gluon self-energy
in Hard Thermal Loop (HTL) theory [60, 72]. In this work we use a parallel approach, i.e. semi-classical transport
theory [73] to get it. Furthermore, as the Debye screening mass manifests in the collective oscillation of the medium
through the dispersion relation, it can be affected by the Landau quantization. As mentioned in introduction, due to
the scattering processes are significantly different at weak and strong megntic fields, accordingly we divide this section
into two separate parts: (A) without Landau quantization, and (B) with Landau quantization. The anisotropic effects
induced by initial spatial expansion and strong magnetic field also straightly enter into relaxation time and the Debye
mass through replacing the isotropic distribution functions with momentum anisotropic counterparts.
A. without Landau quantization
At weak magnetic field within the regime g2T 2  eB, the motions of particles unaffect by the presence of magnetic
field. The derivation of the Debye mass mD in terms of isotropic equilibrium distribution can done in semi-transport
theory [73] at vanishing magnetic field,
(mD)
2 = −4piαs
∫
d3p
(2pi)3
d
dp
2Ncf¯0g (p) +Nf ∑
i=q,q¯
f¯0i (p, µi)
 (37)
8where µq¯ = −µq, µq is quark chemical potential. Nf and Nc represent the numbers of quark flavors and colors,
respectively. When µq/T  1, the Debye mass with anisotropic momentum distribution mξD in the massless limit can
be written as
(mξD)
2 = 4piαsT
2
[
(
Nc
3
+
Nf
6
) + (
µq
T
)2
Nf
2pi2
]
(1− ξ). (38)
Putting ξ = 0, the Debye mass is equal to leading-order result from HTL approximation [74–76]. Furthermore, in
Eq. 38 we note that the Debye mass is sensitive to the effect of anisotropy and always smaller than that in the isotropic
medium. In an anisotropic medium induced by initial spatial expansion, a effective coupling constant with respect
to anisotropy can be defined as αeff =
(mD)
2
(mξD)
2
αs = (1 − ξ)αs, where αs = 6pi
(33−2Nf ) ln
(
2piT
ΛM¯S
) is the one-loop running
coupling at ΛM¯S = 176 MeV for Nf = 3 [77]. The relaxation time for binary process a(p1) + b(p2) → a(p3) + b(p4)
can be given as [details in appendix A]
τ1 =
∑
pro
d2
δ34 + 1
∫
d3p2
(2pi)3
f¯2(1± f¯4)
∫
dt
dσpro
dt
2tu
s2
(39)
where s, t, u are Mandelstam variables, and dσ
pro
dt is the differential cross section for a specific scattering process.
In our work only elastic scatterings, viz, (1) gq → gq, (2) qq → qq, (3) qq¯ → qq¯, (4)qq′ → qq′, (5) qq¯′ → qq¯′ are
considered. We reasonably discard inelastic processes due to their small contributions. The differential cross sections
in the leading order perturbative QCD for the massless case can be found in Ref. [78]. Finally, thermal averaged
relaxation time of (anti-)quarks in the isotropic medium can be written as
νq(q¯) = τ
−1
q(q¯) = dg
∫
d3p
(2pi)3
f¯0g (p)
(
1 + f¯0g (p)
) 1
4
g4
pi〈sq(q¯)g〉
[
ln
〈sq(q¯)g〉
µ2D
− 139
108
]
+dq(q¯)
∫
d3p
(2pi)3
f¯0q(q¯)(p, µq(q¯))
(
1− f¯0q(q¯)(p, µq(q¯))
) 1
9
g4
pi〈sqq(q¯q¯)〉
[
ln
〈sqq(q¯q¯)〉
µ2D
− 152
96
]
+dq¯(q)
∫
d3p
(2pi)3
f¯0q¯(q)(p, µq¯(q))
(
1− f¯0q¯(q)(p, µq¯(q))
) 1
9
g4
pi〈sqq¯〉
[
ln
〈sqq¯〉
µ2D
− 77
60
]
+dq′(q¯′)
∫
d3p
(2pi)3
f¯0q′(q¯′)(p, µq(q¯))
(
1− f¯0q′(q¯′)(p, µq(q¯))
) 2
9
g4
pi〈sqq(q¯q¯)〉
[
ln
〈sqq(q¯q¯)〉
µ2D
− 136
96
]
+dq¯′(q′)
∫
d3p
(2pi)3
f¯0q¯′(q′)(p, µq¯(q))
(
1− f¯0q¯′(q′)(p, µq¯(q))
) 2
9
g4
pi〈sqq¯〉
[
ln
〈sqq¯〉
µ2D
− 136
96
]
, (40)
where the thermal average value 〈sqq¯〉 = 2〈pq¯〉〈pq〉, and 〈pi〉 =
∫ d3pi
(2pi)3
pif¯
0(pi)∫ d3pi
(2pi)3
f¯0(pi)
. Here the degeneracy factors of gluon
and (anti-)quarks are dg = 2spin× (N2c − 1) and dq(q¯) = 2spin×Nc×Nf , respectively. dq′(q¯′) = 2spin×Nc× (Nf − 1)
denotes the degeneracy of incoming (anti-)quark, which is different to another incoming (anti-)quark in flavor type.
µ2D = g
2T 2 denotes infrared regulator. In the anisotropic medium induced by initial spatial expansion, f¯0i and αs
in Eq. 40 are roughly replaced by f¯ξi and αeff , respectively. And the thermal average of pg as well as pq(q¯) with
anisotropic momentum distribution can be rewritten as
〈p〉ξi=g,q,q¯ = T
Li4(−e−βµi)
Li3(−e−βµi)
6− 12ξ
2− 3ξ , (41)
where Lin(z) is the PolyLog function.
9B. with Landau quantization
In the presence of strong magnetic field, only fermionic part of the Debye mass is affected by the effect of Landau
quantization, accordingly Eq. 37 can modified as
(mD,B)
2 = −4piαs,B
∫ d3p
(2pi)3
d
dp
2Ncf¯
0
g (p) +
1
2
∑
f
|qfeB|
2pi
∞∑
l
(2− δ0l)
∫
dpz
2pi
∑
i=q,q¯
d
dpz
f¯0B,i(pz, µi, l)

= 2piαs,BT
2Nc
3
+ 4piαs,B
∑
f
|qfeB|
4pi2
∑
l
(2− δ0l)
[
1
e(
√
2l|qfeB|+µq)/T + 1
+
1
e(
√
2l|qfeB|−µq)/T + 1
]
,(42)
where a quark flavor sum with QCD factor as 12
∑
f is considered, and the magnetic field-dependent running coupling,
αs,B , is given by [79]
α−1s,B(B) = α
0
s(µ0)
−1 +
11Nc
12pi
ln
(
p2z +M
2
B
µ0
)
+
1
3pi
∑
f
|qfeB|
σ
. (43)
α0s(µ0) =
12pi
11Nc ln(
µ20+M
2
B
Λ2
V
)
, MB = 1 GeV and σ = 0.18 GeV
2 are infrared mass and the string tension, respectively. In
Refs. [79, 80], ΛV and µ0 are taken as 0.385 and 1.1 GeV, respectively. In LLL approximation with hierachy T
2  eB,
Eq. 42 reduces to
m2D,B = 4piαs,B [T
2Nc
3
+
∑
f
|qfeB|
4pi2
] ≈ αs,B
∑
f
|qfeB|
pi
, (44)
which is consistent with the one-loop calculation in the presence of strong magnetic field [43, 61, 81]. Replacing f¯0i,B
with f¯ξ
′
i,B in Eq. 42, we can get the following anisotropic Debye mass m
ξ′
D,B in an anisotropic medium induced by
strong magnetic field,
(mξ
′
D,B)
2 = −4piαs,B
∑
f
|qfeB|
4Tpi2
∫ ∞
0
∞∑
l
dpz(2− δ0l) [A1(1 + ξ′)−A2 −A3] , (45)
where A1, A2 and A3 for (anti-)quarks can read as
A1 =
∑
i=q,q¯
pz
i,l
[
f¯0B,i(1− f¯0B,i)
]
, A2 =
∑
i=q,q¯
ξ′p3z
23i,l
[
f¯0B,i(1− f¯0B,i)
]
, A3 =
∑
i=q,q¯
ξ′p3z
2T2i,l
[
f¯0B,i(1− f¯0B,i)(1− 2f¯0B,i)
]
. (46)
The effective coupling constant in anisotropic medium induced by strong field is also defined as αeff,B =
(mξ
′
D,B)
2αs,B/(mD,B)
2. When l = 0, αs,B = αeff,B , indicating the Debye mass in LLL approximation is independent
of anisotropy.
In LLL approximation with restrictive hierarchy of scales m2q  αs,BeB  T 2  eB, the collisional terms for
two dominant scattering processes, viz, quark-antiquark to gluon q(p) + q¯(p′)→ g(k) and quark-antiquark t-channel
scattering q(p) + q¯(p′′)→ q(p′) + q¯(p′′′) are considered at vanishing quark chemical potential [61]. Following the line
in Ref. [61] the relaxation time of (anti-)quarks for 2→ 1 process is generalized to the case of finite chemical potential
(µq 6= 0) and anisotropic medium (ξ′ 6= 0), i.e.
1
τ ξ
′
B,q(q¯)
|2→1(T, pz, l = 0, B) =
αeff,BCRm
2
q
Ep(1− f¯ξ′B,q(Ep, µq,(q¯)))
∫
dp′z
E′p
f¯ξ
′
B,q(Ep′ , µq¯)
(
1 + f¯g(Ep + Ep′)
)
, (47)
where CR =
N2c−1
2Nc
is the Casimir factor. In Appendix B the relaxation time of (anti-)quarks in an anisotropic medium
at nonzero µq for 2→ 2 process within regime m2q  αs,BeB  T 2  eB is given by
1
τ ξ
′
q(q¯)
|2→2(T, pz, µq, l = 0, B) = αeff,B
m2q
Ep
f¯ξ
′
B,q(Ep, µq¯)
(
1− f¯ξ′q (Ep, µq¯)
)
. (48)
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FIG. 1: The temperature dependence of thermal averaged relaxation time for u quarks (τu) at different quark chemical
potential, viz, µq=0.0 GeV (black solid line), 0.1 GeV (green dotted line) and 0.2 GeV (blue dashed line). The calculation at
µq = 0.2 GeV is also extend to an anisotropic medium induced by initial spatial expansion with ξ = 0.1 (red dotted-dashed
line) and 0.15 (purple short-dashed line).
We can note that the inverse relaxation time for 2→ 1 and 2→ 2 processes are of the same order of αeff,B . Currently,
the relaxation time of (anti-)quarks for 2→ 1 process beyond the LLL approximation at vanishing chemical potential
has been studied in a more realistic regime eB  g2T 2 [36, 45, 46]. Similarly, we directly extend it to the case for
µq 6= 0 and ξ′ 6= 0,
1
τ ξ
′
q(q¯)
|2→1(T, pz, µq, l, B) = 1
4Ep(1− f¯ξ′q (Ep, µq,(q¯), l))
∞∑
l′≥l
∫
1
2E′p
dp′z
2pi
f¯ξ
′
q (Ep′ , µq¯, l
′)
(
1 + f¯ξ
′
g (Ep + Ep′)
)
X(l, l′,K).(49)
where K is defined as K =
(q,l+q¯,l′ )
2−(pz+p′z)2
2e|qfB| [36, 45] and X(l, l
′K) can read as
X(l, l′,K) = 4piαeff,BCR
l!
l′!
e−KKl
′−l(
[
4m2f − 4|qfeB|(l + l′ −K)
1
K
(l + l′)
]
F (l, l′,K)
−16|qfeB|l′(l + l′) 1
K
Ll
′−l
l (K)L
l′−l
l−1 (K)). (50)
For l > 0, F (l, l′,K) = [Ll
′−l
l (K)]
2 + l
′
l [L
l′−l
l−1 (K)]
2 as well as F (l, l′,K) = 1 for l = 0, where the function Lαn(x)
represents the generalized Laguerre polynomial. In the limit eB  T 2, e−K ≈ 1, the result in Eq. 49 is consistent
with that in Eq. 47. In this work we take thermal averaged relaxation time 〈τq(q¯)〉 of (anti-)quarks as dynamic input
for the computation of thermoelectric coefficients, which is defined as
〈τq(q¯)〉(T, µq, B) = 1〈τ−1q(q¯)〉
=
∑∞
l=0
∫
dpz f¯q(pz)∑∞
l=0
∫
dpzτ
−1
q(q¯)(pz)f¯q(pz)
. (51)
For the numerical calculation in strong magentic field we artificially truncated the Landau levels at a given lmax.
V. NUMERICAL CALCULATIONS AND DISCUSSIONS
In this work we use the current masses of three-flavor quarks mu = md = 5 MeV, ms = 80 MeV as input
parameters. As metioned in introduction, at weak magnetic field (g2T 2  eB) all scatterings of partons in QGP are
assumed unaffected by magnetic field, thus the calculations of relaxation times are performed at vanishing magnetic
field, as show in Fig. 1. In Fig 1, thermal behavior of thermal averaged relaxation time for u quarks (τu) at various
quark chemical potentials (µq) and anisotropic parameters (ξ) are displayed. Due to the restriction of µq/T < 1
(ξ  1), quark chemical potentials (anisotropic parameters) are appropriately taken in the range 0 ≤ µq ≤ 0.2 GeV
11
eB=0.00 GeV2
eB=0.04 GeV2
eB=0.06 GeV2
eB=0.08 GeV2
��� ��� ��� ��� ��� ��� ������
���
�
�
��
�[���]
σ ��(×
��-�
���
) μq=0.1 GeV
μq=0 GeV
μq=0.1 GeV
μq=0.15 GeV
μq=0.2 GeV
��� ��� ��� ��� ��� ��� ������
���
�
�
��
�[���]
σ ��(×
��-�
���
) eB=0.05 GeV2
ξ=0
ξ=0.05
ξ=0.1
ξ=0.15
��� ��� ��� ��� ��� ��� ������
���
�
�
��
��
�[���]
σ ��(×
��-�
���
) μq=0.1 GeV, eB=0.05 GeV2
eB=0.04 GeV2
eB=0.06 GeV2
eB=0.08 GeV2
��� ��� ��� ��� ��� ��� ���
�
�
�
�
�
�
�
�[���]
σ ��(×
��-�
���
)
μq=0.1 GeV
μq=0.1 GeV
μq=0.15 GeV
μq=0.2 GeV
��� ��� ��� ��� ��� ��� ���
�
�
�
�
��
�[���]
σ ��(×
��-�
���
)
eB=0.05 GeV2
ξ=0
ξ=0.05
ξ=0.1
ξ=0.15
��� ��� ��� ��� ��� ��� ����
�
�
�
�
��
�[���]
σ ��(×
��-�
���
)
μq=0.1 GeV, eB=0.05 GeV2
� � �
� � �
FIG. 2: (Plots a and d) The temperature dependences of electrical conductivity (σxx) and Hall conductivity (σxy) for
µq = 0.1 GeV at different magnetic fields, namely eB = 0 (black solid line), 0.04 (azure dotted lines), 0.06 (blue dashed lines),
0.08 GeV2 (red dotted-dashed lines). (Plots b and e) The temperature dependences of σxx and σxy for eB = 0.05 GeV
2 at
µq = 0 (black solid line), 0.1 (azure dotted lines), 0.15 (blue dashed lines) and 0.2 GeV (red dotted-dashed lines). (Plots c and
f) The temperature dependences of σxx and σxy for µq = 0.1 GeV and eB = 0.05 GeV
2 in a weakly anisotropic medium with
ξ = 0 (black solid lines), 0.05 (azure dotted lines), 0.1 (blue dashed lines), 0.15 (red dotted-dashed lines).
(0 ≤ ξ ≤ 0.15). As shown in Fig.1, τu decreases with increasing temperature and the order of magnitude of τu at small
temperature is much larger than at high temperature. We also notice τu decreases as µq increases at small temperature
whereas the decreasing nature of τu with µq is not significant in high temperature domain (T > 0.4 GeV). This is due
to that with increasing temperature the ratio µq/T becomes smaller, resulting in the mathematical result of different
factors associated with e±µq/T in Eq. 40 is insignificantly dependent of µq. In Fig. 1 we also can clearly see that the
value of τu in an anisotropic medium (ξ = 0.1) has an overall improvement compared to in the isotropic medium, and
the degree of improvement can be further strengthened with the increase of ξ. To better understand the qualitative
and quantitative behaviors of Seebeck coefficient (Sxx) and Nernst signal (N) at weak magnetic field, we first present
our results for the total electrical (σxx, σxy) and thermoelectric (αxx, αxy) conductivity tensors. In Fig. 2 (a), we
perform the temperature dependence of electrical conductivity (σxx) at µq = 0.1 GeV for different weak magnetic
fields. According to the restriction of eB  g2T , we can take the values of magnetic field lie in eB < 0.1 GeV2
for 0.2 GeV ≤ T ≤ 0.8 GeV. At vanishing magnetic field the thermal evolution of electrical conductivity (σxx)
is basically dominated by the multiplicative result of factors. i.e. relaxation time (τ) and distribution function in
integrand of Eq. 22. At small temperature, the sharply decreasing nature of τ with temperature significantly wins over
the increasing nature of distribution function, accordingly σxx decreases with increasing temperature. However, at
high temperature τ decreases slowly with temperature, the increasing nature of distribution function with temperature
is more prominent than the decreasing nature of τ . As a result, σxx for µq = 0.1 GeV decreases with temperature at
small temperature and increases at high temperature, as shown in Fig. 2 (a). In the presence of magnetic field, we
observe that σxx has a numerical suppression compared to the case of vanishing magnetic field, which is due to that a
additional factor, 1/(1 + (ωcτ)
2) (ωc = eB/) in integrand of Eq. 22 is always less than 1. This also can be physically
explained that when a magnetic field is applied, the motions of charged particles are deflected by the Lorentz force,
leading to the electric current along the direction of electric field is reduced. We see that σxx monotonousely increases
with temperature at nonzero magnetic field, which is different with that at zero field. This can be understood as
follows. The qualitative behavior of σxx at weak magnetic field is basically coming from the interplay of factors, i.e.
τ/(1+(ωcτ)
2) and distribution function. At small temperature τ in magnitude is large and τ/(1+(ωcτ)
2) ∼ 1ω2cτ , due
to both inverse relaxation time and distribution function exhibit increasing nature with temperature, accordingly σxx
increases with temperature. However, at high temperature, τ is relatively small τ/(1 + (ωcτ)
2) ∼ τ , accordingly the
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thermal behavior of σxx at weak field is consistent with the counterpart at zero field. Alternatively, the dependence
of σxx on magnetic field (B) only arises from the cyclotron frequency (ωc), therefore at small temperature, total σxx
decreases as B grows due to σxx(B) ∼ 1ω2c and the positive effect of B on σxx is unconspicuous at high temperature
due to σxx(B) ∼ const. Next we consider the effect of quark chemical potential (µq) on the estimates of conductivity
tensors at eB = 0.05 GeV2. We remind the reader that at finite µq due to the number density of quarks is larger than
that of anti-quarks in QGP, the contributions of quarks to tensors in magnitude are always prominent. As shown
in Fig. 2 (b), the value of σxx at T < 0.3 GeV clearly increases with the increase of µq. This is attributed that the
variation of σxx with µq at relatively small temperature is primarily dominated by both quark distribution function and
associated inverse relaxation time (1/τq), which are both increasing functions with µq. Whereas, at high temperature
τq is nearly unchanged with µq as shown in Fig. 1, the dependence of σxx on µq is mainly determined by quark
distribution. As the ratio µq/T at high temperature is so small that the Boltzmann factor e
µq/T in quark distribution
increases by an insignificant amount with µq. As a result, σxx is almost independent of µq at high temperature. Until
now our calculation has been done in an isotropic medium (ξ = 0). Next the anisotropy of momentum induced by
initial spatial expansion is considered in the estimate of tensors. In Fig. 2 (c), the temperature dependence of σxx
at µq = 0.1 GeV and eB = 0.05 GeV
2 in the weakly momentum-anisotropic QGP (we take ξ = 0.05, 0.1 and 0.15)
is performed. As illustrated in Fig 2 (c), the thermal behavior of σxx in an anisotropic medium is consistent with
the counterpart in an isotropic medium. However, we note the qualitative behavior of σxx with ξ is nonmonotonic in
entire temperature domian, which can be easily understood from the expression of σxx in Eq. 22. Since the numerical
value of first term in Eq. 22 is much larger than the counterpart of second term, thus the qualitative behavior of σxx
is mainly determined by τ(ξ)1+ω2cτ(ξ)2
(1 + ξ) in first term. At small temperature, σxx(ξ) ∼ τ(ξ)(1 + ξ) and the increasing
nature of (1+ξ) is compensated by the decreasing nature of 1/τ(ξ) with ξ, leading σxx as a decreasing function with
ξ. At higher temperature σxx(ξ) ∼ τ(ξ)(1 + ξ), σxx increases as ξ increases.
Due to the absence of Hall effect in vanishing magnetic field, the calculation of Hall conductivity (σxy) is only
performed in the magnetic background field. For Hall conductivity of f -th flavor quarks, σxy,qf , its thermal behavior
mainly arises from the factors, i.e. q3fωcτ
2
q /(1 + (qfωcτq)
2) and associated quark phase factor in Eq. 22, where the
cubed qf reminds us that the sign of σxy,qf is dependent of quark type. This also means that the estimate of σxy is also
limited to the case of non-zero quark chemical potential, which is due to that the contributions of quarks and associated
antiquarks to total σxy are equal in magnitude but opposite in sign for vanishing chemical potential. At nonzero quark
chemical potential, the qualitative and quantitative behaviors of total σxy are dominated by contributions of quarks.
Due to the differences of various flavor quarks in fractional charge value (qu,d,s = 2/3,−1/3,−1/3) and mass, σxy,u is
greater than σxy,d +σxy,s in magnitude, this is why the sign of total σxy always remains positive. In Fig. 2 (d) we see
that Hall conductivity (σxy) at a fixed magnetic field for µq = 0.1 GeV exhibits a nonmonotonic thermal behavior.
More specifically, σxy first increases at small temperature, reaches a maximum then decreases with temperature. This
peak structure of σxy has also been observed in Ref. [26]. We can understand this behavior in the following way.
At small temperature, τq is relatively large and ωcτ
2
q /(1 + (q
2
fωcτq)
2) ∼ 1/(ωc), the temperture dependence of σxy
only depends on quark distribution. At high temperature τq is relatively small ωcτ
2
q /(1 + (ωcτq)
2) ∼ ωcτ2q , and the
decreasing nature of τ2q with temperature greatly overwhelmes the increasing nature of quark distribution distribution,
leading total σxy as a decreasing function with temperature. We also see that σxy from Fig. 2 (d) decreases as B grows
at small temperature due to σxy(B) ∼ 1/ωc and increases as B increases at high temperature due to σxy(B) ∼ ωc.
Moreover, the position of the maximum of σxy shifts toward higher temperature with the increase in B. In Fig. 2
(e), σxy increases as µq grows, which can be well understood from the behavior of prominent σxy,u with µq. At small
temperature the dependence of σxy,u on µq is mainly determined by quark distribution function which is a increasing
function with µq, and at high temperature σxy,u still increases as µq because the reduction in τ
2
q with the increase of
µq is negligible compared to the increment of quark distribution function. As compared to σxx we note that the effect
of µq on σxy is significant at high temperature, which is attributed to the increment in quark distribution distribution
with the increase of µq is compareble to the value of σxy itself. In the anisotropic medium (ξ 6= 0) induced by
initial spatial expansion the qualitative behavior of σxy,q with ξ is determined by
q3fωcτ
2
q (1+ξ)
1+(qfωcτq)2
in Eq. 22. In the entire
temperature domain, the absolute value of σxy,q for various flavors increases monotonously with the increase of ξ
due to both
ωcτq(ξ))
2
1+(qfωcτq(ξ))2
and (1 + ξ) are increasing functions with ξ. Although σxy,u itself is relatively larger than
σxy,d + σxy,s in magnitude, the variation in σxy,d + σxy,s with ξ is numerically stronger (weaker) than the variation
in σxy,u with ξ at T < 0.3 GeV (at T > 0.3 GeV) in mathematical calculation (we don’t display the figure, but it’s a
truth). Hence total σxy first decreases with ξ at relatively low temperature then increases with ξ at high temperature,
as shown in Fig. 2 (f). We also see that the maximum of σxy increases as ξ grows and the position of maximum shifts
toward higher temperature with the increase of ξ.
For longitudinal thermoelectric conductivity (αxx), the computation is also limited to nonzero chemical potential.
In Fig. 3 (a) αxx exhibits a nonmononous thermal behavior in the magnetic field and the sign of αxx is negative,
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FIG. 3: (Plots a and d) The temperature dependences of longitudinal thermoelectric conductivity (αxx) and transverse
thermoelectric conductivity (αxy) for µq = 0.1 GeV at different magnetic fields, namely eB = 0 (black solid line), 0.04 (azure
dotted lines), 0.06 (blue dashed lines), 0.08 GeV2 (red dotted-dashed lines). (Plots b and e ) The temperature dependences of
αxx and αxy for eB = 0.05 GeV
2 at µq = 0 (black solid line), 0.1 (azure dotted lines), 0.15 (blue dashed lines) and 0.2 GeV (red
dotted-dashed lines). (Plots c and f) The temperature dependences of αxx and αxy for µq = 0.1 GeV and eB = 0.05 GeV
2 in
a weakly anisotropic medium induced by initial spatial expansion with ξ = 0 (black solid lines), 0.05 (azure dotted lines), 0.1
(blue dashed lines), 0.15 (red dotted-dashed lines).
which can be explained in the following way. From the quantitative respect the first term of expression for αxx in
Eq. 25 is numerically larger than the second term. This mathematical difference arises from the different power of
momentum in respective integrands. Furthermore, from the qualitative respect since at a fixed µq the number density
of quarks is always larger than the counterpart of antiquarks, the thermal nature of total αxx is mainly controled by
first term regarding quark parts in Eq. 25. For the longitudinal thermoelectric conductivity of f -th flavor quarks,
αxx,qf , its thermal nature at nonzero B and µq is determined by
qfτq
1+(qfωcτq)2
and quark distribution in Eq. 25, and the
sign of αxx,qf depends on the quark type. Thus the absolute value of αxx,qf for all flavors increases with increasing
temperature similar to the thermal profile of σxx. However, because of the differences of three-flavors quarks in charge
characteristic and mass, the absolute value of αxx,d + αxx,s is always larger than αxx,u in mathematical calculation,
thus total αxx exhibits negative in sign
1 and its absolute value still increases with increasing temperature. As
temperature increases further due to the Boltzmann factor eµq/T in quark distribution function becomes smaller the
numerical difference between αxx,d + αxx,s and αxx,u reduces gradually, at high enough temperature µq/T ∼ 0 total
αxx vanishes. As a result, total αxx at small temperature decreases with temperature then gradually close to zero, as
shown in Fig. 3 (a). The physical explanation of this nonmonotonic behavior is not clear. Furthermore we notice that
the absolute value of αxx at small temperature decreases with the increase of B whereas varies insignificantly with
increasing B at high temperature, which is akin to σxx. Similar to σxx,qf , the absolute value of αxx,qf also increases
with increasing µq in entire temperature domain, and αxx,d + αxx,s varies with µq by a larger amount as compared
to αxx,u in mathematical calculation. As a result, total αxx decreases (absolute value increases) with the increase of
µq, as shown in Fig 3 (b). The qualitative behavior of αxx with ξ also can be understood from related expression in
Eq. 24. The dependence of αxx,qf on ξ is dominated by
qfωcτq(ξ)
1+(qfωcτq(ξ))2
, so we can see from Fig. 3 (c) as ξ increases
1 In this paper the sign of total αxx for a fixed µq at vanishing magnetic field exhibits positive, however, we do not discuss the results of
αxx in vanishing magnetic field qualitatively or quantitatively, because it’s numerical results (10−4 ∼ 10−5) at 0.2 GeV < T < 0.4 GeV
in this context are ignorable compared with the results in the case of magnetic field.
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FIG. 4: (Plot a) The temperature dependence of Seebeck coefficient (Sxx) for µq = 0.1 GeV at different magnetic fields,
namely eB = 0 (black solid line), 0.04 (azure dotted line), 0.06 (blue dashed line), 0.08 GeV2 (red dotted-dashed line). (Plot b)
The temperature dependence of Sxx for eB = 0.05 GeV
2 at µq = 0.1 (azure dotted line), 0.15 (blue dashed line) and 0.2 GeV
(red dotted-dashed line). (Plot c) The temperature dependence of Sxx for µq = 0.1 GeV and eB = 0.05 GeV
2 in a weakly
anisotropic medium with ξ = 0 (black solid line), 0.05 (azure dotted line), 0.1 (blue dashed line), 0.15 (red dotted-dashed line).
total αxx increases (absolute value decreases) at small temperature due to αxx(ξ) ∼ −1/τq(ξ) and decreases (absolute
value increases) at high temperature due to αxx(ξ) ∼ −τq(ξ).
For transverse thermoelectric conductivity (αxy), the estimation is limited to the case of nonzero magnetic field,
which can be easily understood from corresponding expression in Eq. 25. Similar to αxx, the numerical strength of
αxy for a fixed µq at magnetic field is also mainly determined by the first term in Eq. 25, however, the sign of αxy
is independent of quark type and always remains positive. Since the thermal behavior of αxy mainly depends on
ωcτ
2
1+(ωcτ)2
and distribution function in Eq. 25, the dependences of αxy on temperature and magnetic field are allied
to Hall conductivity (σxy), as shown in Fig. 3 (d). In Fig. 3 (e) we clearly see that the value of αxy decreases as µq
increases at small temperature, which is opposite to the profile of σxy. This is attributed that at small temperature
though the first term in the expression of αxy is much larger the absolute value of second term, the increment of first
term with µq is compensated by the more significant reduction of second term in mathematical calculation. At high
temperature total αxy remains almost constant with µq because that µq/T is small at high temperature the variation
of e[±µq/T ] in distribution function is negligible compared to the value of αxy itself. For a fixed µq since the numerical
variation of first term in Eq. 24 respect to αxy within the consideration of momentum anisotropy is more greater than
the counterpart of second term, the qualitative behavior of total αxy with ξ is dominated by
ω2cτ(ξ)
2
1+q2fω
2
cτ(ξ)
2 in first term.
Due to
ω2cτ(ξ)
2
1+q2fω
2
cτ(ξ)
2 is a increasing function with ξ at any given temperature in our calculation, total αxy increases as
ξ increases in entire temperature domian, as shown in Fig. 3 (f).
Since the quantitative and qualitative behaviors of total Seebeck coefficient (Sxx) and Nernst signal (N) are at-
tributed by the intricate interplay of four conductivity tensors, we only phenomenologically discuss the impacts of B,
µq and ξ on the estimates of Sxx and N step by step. In Fig. 4 (a) we present the temperature dependence of Sxx for
finite B at µq = 0.1 GeV. In metal a positive (negative) Sxx implies that the electric current runs toward (away from)
the high temperature end in an electron (hole) rich materials, in other word, Sxx is negative for negatively charged
carriers and positive for positively charged carriers. Accordingly, in QGP the sign of total Sxx is positive (negative),
indicating the majority carriers who dominate the conversion from a temperature gradient to an electric field are
positively (negatively) charged quarks. In our work, the sign of Sxx in QGP for µq = 0.1 GeV at eB = 0 GeV
2 is
positive and the numerical values of Sxx are in 0.0006 < Sxx < 0.003 at 0.2 GeV 6 T 6 0.4 GeV, which is an order
of magnitude much smaller than the result in Ref. [53], where Sxx in hadronic matter at vanishing magnetic field for
µB = 0.1 GeV is 1 at T = 0.16 GeV. At a nonzero (zero) magnetic field the sign of Sxx in QGP is negative (positive),
which is consistent with αxx. But the thermal behavior of Sxx is monotonous, as compared to αxx. And the absolute
Sxx in QGP increase as magnetic field increases at T < 0.4 GeV, at higher temperature Sxx approaches to zero,
indicating the system along x-axis is close to isothermal state. Due to the trivial value of Sxx at vanishing magnetic
field, we more concern the influences of µq and ξ on Sxx in the presence of magnetic field. As shown in Fig. 4 (c), the
absolute value of Sxx at µq = 0.1 GeV for eB = 0.05 GeV
2 significantly increases as µq and ξ increase at T < 0.4 GeV.
Next we start with the discussion regarding Nernst effect. In zero-field limit, there is no Lorentz force to bend the
trajectories of the thermally diffusing charge carriers, so the Nernst effect is absent. Fig. 5 (a) shows the evolution
of N as a function of temperature at different magnetic fields for µq = 0.1 GeV. Unlike Sxx, N is independent of
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FIG. 5: (Plot a) The temperature dependence of Nernst signal (N) for µq = 0.1 GeV at different magnetic fields, namely eB =
0.04 (azure dotted line), 0.06 (blue dashed line), 0.08 GeV2 (red dotted-dashed line). (Plot b) The temperature dependence
of N for eB = 0.05 GeV2 at µq = 0 (black solid line), 0.1 (azure dotted line), 0.15 (blue dashed line) and 0.2 GeV (red
dotted-dashed line). (Plot c) The temperature dependence of N for µq = 0.1 GeV and eB = 0.05 GeV
2 in a weakly anisotropic
medium with ξ = 0 (black solid line), 0.05 (azure dotted line), 0.1 (blue dashed line), 0.15 (red dotted-dashed line).
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FIG. 6: The temperature dependence of Seebeck coefficient along the direction of magnetic field (Szz) for 2→1 process (black
lines) and 2→ 2 process (red lines) in LLL approximation. Solid lines and dotted lines represent the calculations of Sxx for
eB = 10m2pi GeV
2 are performed at µq = 0.1 and 0.2 GeV, respectively. Dashed lines denote the temperature dependence of Sxx
at µq = 0.2 GeV for eB = 10m
2
pi GeV
2 in an anisotropic medium induced by strong magnetic field (we take ξ′ = −0.2). In order
to keep assumption (αs,BeB . T 2 . eB) valid, the temperature can vary within the limited range (0.25 GeV 6 T 6 0.4 GeV).
.
the type of charge carriers and the value of N always remains positive. We can clearly see the thermal evolution of
N in magnetic field case has a peak structure, and N at small temperature decreases as B grows whereas increases
with the increase of B at high temperature, which are in qualitative agreement with σxy and αxy. In this work, the
maximum of N at µq = 0.1 GeV is 2.8. In Fig. 5 (b) we observe that the dependence of N on µq is very similar to that
of αxy, except that N weakly decreases as µq increases at T < 0.26 GeV. The effect of anisotropy induced by initial
spatial expansion on N at µq = 0.1 GeV for eB = 0.05 GeV
2 is displayed in Fig. 5 (c). We note that as ξ increases N
decreases at relatively low temperature then increases at high temperature, which is qualitatively akin to σxy. The
maximum of N decreases with the increase of ξ and the location of peak slightly shifts to higher temperature with
the increase in ξ.
The investigation of thermoelectric coefficient is also converted to strong magnetic background field. The calculation
of tensors is firstly performed under LLL approximation within assumed regime (m2q  αs,BeB . T 2 . eB),
we artifically take eB = 10m2pi GeV
2 and appropriate temperature domain can be concentrated within region of
0.25 GeV 6 T 6 0.4 GeV. In LLL approximation, 2→1 scattering process and 2→2 scattering process are taken into
account. Though the inverse relaxation times in Eq. 47 and Eq. 48 for two kind of processes are in an order of αs,B ,
but the numerical values of thermal averaged relaxation time for 2→1 process and for 2→2 process are located at the
16
l=20
l=25
l=30
l=35
��� ��� ��� ��� ��� ��� ������
���
���
���
���
���
���
���
�[���]
σ ��/�
μq=0.1 GeV, eB=10mπ2 GeV2
l=20
l=25
l=30
l=35
��� ��� ��� ��� ��� ��� ������
���
���
���
���
���
�[���]
α ��/�
μq=0.1 GeV, eB=10mπ2 GeV2
l=20
l=25
l=30
l=35
��� ��� ��� ��� ��� ��� ������
���
���
���
���
���
���
�[���]
� ��
μq=0.1 GeV, eB=10mπ2 GeV2
� � �
FIG. 7: The temperature dependences of scaled electrical conductivity along z axis (σzz/T ) (in plot a), scaled thermoelelectric
conductivity along z axis (αzz/T ) (in plot b) and Seebeck coefficient along z axis (Szz) (in plot c) within different Landau levels
(l =20 (orange solid lines), 25 (azure dotted lines), 30 (blue dashed lines), 35 (red dotted-dashed lines)) for eB = 10m2pi GeV
2
at µq = 0.1 GeV.
order of ∼ 103 and ∼ 107, respectively. Since largest inverse relaxation time determines the final inverse relaxation
time, the 2 → 1 process is significantly dominated over 2 → 2 process in strong magnetized QGP. Nevertheless, we
still can compute the respective contributions to Seebeck coefficient along the direction of magnetic field, namely Szz,
in LLL approximation. Fig. 6 demonstrates Szz of isotropic QGP in LLL approximation at µq = 0.1 GeV decreases
with increasing temperature. Unlike Sxx at weak magnetic field, the sign of Szz at strong magnetic field is always
positive, indicating the dominant charge carriers converting the thermal gradient along the direction of magnetic field
to electric field are postively charged quarks. We also find the value of Szz for 2 → 1 processe is comparable with
that for 2 → 2 process. Actually, Szz in LLL approximation is independent of B due to the fact that the factors
involving B in numerator of Szz and the counterparts in denominator cancel out. Similar to the previous calculation
in weak magnetic field, we also consider the effect of µq on Szz in LLL approximation. As illustrated in Fig. 6, Szz
for both 2 → 1 process and 2 → 2 process also numerically increases as µq increases in entire temperature domain
of interest. In comparsion to the isotropic case (ξ′ = 0), Szz in a strong magnetic field-drivened anisotropic medium
(we take ξ′ = −0.2) remains unchanged in qualitative but has a quantitative enhancement. Finally, the calculation
of Szz is also extended to a realistic regime g
2T 2  eB in which the contribution from high Landau levels (hLLs)
states needs to be considered. In Fig. 7 (a) and (b), as lmax increases we note electrical conductivity along z-axis
(σzz) increases whereas thermoelectric conductivity along z-axis (αzz) decreases. In our work, the numerical values
of σzz/T for eB = 10m
2
pi GeV
2 and µq = 0 GeV within the consideration of hLLs are in 0.2 < σzz/T < 0.6 for
0.2 GeV 6 T 6 0.4 GeV, which are close to the result (0.2 < σzz/T < 0.7) of previous report [34] in the same context.
And our results of σzz/T within the effect of hLLs are also quantitatively lie within the range of Lattice QCD data
results without magnetic field (0.1 6 σel/T 6 1.0) in Ref. [82]. Comparing Fig. 6 and Fig. 7 (c), we see that Szz
within the effect of hLLs has an obvious numerical enhancement compared to that in LLL approximation. However,
the increment can be slightly suppressed with the increase of lmax because of the decreasing natures of both αzz and
1/σzz with Landau level.
VI. CONCLUSIONS
A theoretical investigation on thermoelectric effect including Seebeck and Nernst effects for QGP at finite mag-
netic field has been presented. The associated Seebeck and Nernst coefficients are the functions regarding electrical
conductivity tensors and thermoelectric conductivity tensors, which can be obtained by solving the relativistic Boltz-
mann equation under relaxation time approximation. We found in the presence (absence) of weak magnetic field
along z-axis, longitudinal Seebeck coefficient (Sxx) for nonzero quark chemical potential is negative (positive) in sign,
indicating the dominant charge carriers converting heat gradient into electric field are negatively (positively) charged
quarks. We found Sxx first decreases (absolute value increases) as temperature increases then gradually tends to
zero, which means at high temperature the system gradually reaches an isothermal state. And the absolute value
of Sxx has a further enhancement with the increase in magnetic field and quark chemical potential. we also extend
our exploration to an anisotropic QGP in which partons exhibit a local anisotropy (ξ 6= 0) in the momentum space
due to rapid expansion of initial fireball along the beam direction. We found the absolute value of Sxx in a weakly
anisotropic medium with ξ = 0.1 has a obvious enhancement compared to the isotropic medium (ξ = 0), and with the
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increase of ξ this increment can be strengthened. Different to monotonous thermal behavior of Sxx, the temperature
dependence of Nernst signal (N) at weak magnetic field exhibits a peak structure and N in sign is independent of
the type of charge carriers. At relatively small temperature, N decreases as magnetic field and anisotropic parameter
increase, however, at high temperature N increases with increase in magnetic field and anisotropic parameter. In
contrast to the effects of magnetic field and anisotropy, with the increase in quark chemical potential N increases at
small temperature whereas decreases at high temperature.
In Lowest Landau Level (LLL) approximation Seebeck coefficient along the direction of magnetic field, Szz, also
has been calculated. The value of Szz always remains positive and increases as a whole with the increase in quark
chemical potential. We also found Szz in LLL approximation is independent of the magnetic field strength. Under
the same condition the value of Szz for 2→2 process is comparable with that for 2→1 process, eventhough the former
process is significantly less important than the latter process in magnetized QGP. Additionaly, Szz in an anisotropic
medium induced by strong magnetic field with ξ′ = −0.2 has an overall enhancement in entire considered temperature
region, compared to the value of Szz in isotropic medium (ξ
′ = 0). And the magnitude of Szz within the effect of hLLs
has a significant enhancement compared to that in LLL approximation, however, this enhancement can be slightly
suppressed with the increase of Landau level.
Our work can be extended in several ways. We can incorporate the effect of thermal QCD medium interaction
through Polyakov Nambu-Jona-Lasino (PNJL) model, Ployakov Quark-Meson (PQM) model and quasi-particle models
to the computation of thermoelectric coefficients. Future investigation also can focused on the calculation of Seebeck
and Nernst coefficients at magnetic field in hadronic phase and near transition phase based on Van der Waals Hadron
Resonance Gas model and QCD effective models, respectively. Especially, a direct comparsion of results in hadronic
and partonic phases would be instructive.
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Appendix A
The collisional term of a distribution function f1 for binary process denoted as a(p1) + b(p2) → c(p3) + d(p4) is
given by [83, 84]
C[f1] =
∑
pro
d2
1 + δ34
1
2p1
4∏
i=2
∫
dΓi(2pi)
4δ4(p1 + p2 − p3 − p4)|Mpro1+2→3+4|2
× [f1f2(1± f3)(1± f4)− f3f4(1± f1)(1± f2)] . (A1)
In the above, dΓi =
d3pi
(2pi)32pi
, and the factor 1/(1 + δ34) is order to aviod the double counting for the identical
incoming states. Mpro is the amplitude for a specific binary process. Considering the distribution slightly derivate the
equilibrum, hence the local momentum distribution of i-th species is given by fi = f¯
0
i + δfi = f¯
0
i +βf¯
0
i (1± f¯0i )χi(pi),
where χi is the response function in the effect of electric field. For (anti-)quarks, associated response functions
χq¯(p) = χq(−p) due to that quarks and antiquarks are opposite in charge. However χg for gluons is zero due to
charge conjugation invariance. Using detailed balance condition f¯01 f¯
0
2 (1 ± f¯03 )(1 ± f¯04 ) = f¯03 f¯04 (1 ± f¯01 )(1 ± f¯02 ), the
collisional term can be written as
C[f1] =
∑
pro
d2
1 + δ34
1
2p1
4∏
i=2
∫
dΓi(2pi)
4δ4(p1 + p2 − p3 − p4)|Mpro1+2→3+4|2
×[f¯01 f¯02 (1± f¯03 )(1± f¯04 )]β(χ3(p3) + χ4(p4)− χ2(p2)− χ1(p1)). (A2)
Due to the response function χi(pi) is an odd function of pi for (anti-)quarks or is zero for gluons, whereas other
integrand is an even function of pi, the result of the integral with χj(pj) (j = 2, 3, 4) is zero. Using relaxation time
approximation C[f1] = −δf1/τ1 = −βf¯01 (1 ± f¯01 )χ1(p1)/τ1 we can obtain momentum dependent thermal relaxation
time of i-th species (τ1)
τ−11 =
∑
pro
d2
δ34 + 1
∫
d3p2
(2pi)3
f¯02 (1± f¯3)0(1± f¯04 )
(1± f¯01 )
∫
dt
dσpro
dt
, (A3)
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where dσ
pro
dt =
〈|Mpro|2〉
16pis2 denotes the differential scattering cross section with respect to Mandelstam variables s, t, u.
Since large angle scattering is the most efficient mechanism for the dissipative momentum transfer in the case of
a plasma with long range interaction [85, 86], a phenomenological weight factor sin θ2/2 = 2tu/s2, where θ is the
scattering angle in the center of mass system is introduced in the above ordinary relaxation time. Alternatively, in
small momentum transfer approximation, q = |p1 − p3| = |p2 − p4| 
√
s, we assume that f¯1 ' f¯3 and f¯2 ' f¯4 for
elastic scattering processs, accordingly the thermal relaxation time can finally be rewritten as
τ−11 =
∑
pro
d2
δ34 + 1
∫
d3p2
(2pi)3
f¯02 (1± f¯04 )
∫
dt
dσpro
dt
2tu
s2
. (A4)
The integration with respect to t-channel has the infrared logarithmic divergence at small momentum tranfer. Hence,
the hard contribution follows from Eq. A4 by restricting the t-channel integration from −s to −µ2D, where infrared
regulator µ2D is g
2T 2 in the upper limit of the integral [86].
Appendix B
Apart from q + q¯ → g process, another dominant process in LLL approximation with the specfic regime (m2q 
αs,BeB  T 2  eB) is t-channel q (p) + q¯ (p′′) → q (p′) + q¯ (p′′′) scattering, it’s collisional integral has been
presented by K.Hattori et al in Ref. [61]. We extend their calculation to nonzero quark chemical potential, which has
the following form
C[fq(pz)]2→2 = 2g4TRCR(
|qfeB|
2pi
)(16m4q)
1
(2Ep)2
βf¯0q (Ep, µq)(1− f¯0q (Ep, µq))
×
∫
dp′z
2pi
1
(Ep′)2
EpEp′
|Epp′z − Ep′pz|
∫
d2q⊥
(2pi)2
e−
q2⊥
eB
1
(q2 + ReΠz(q) + iImΠz(q))
2
×f¯0q (Ep′ , µq¯)(1− f¯0q (Ep′ , µq¯))(χq(p′z)− χq(pz)), (B1)
where q = p′ − p = p′′ − p′′′ is momentum transfer, q2 = q2⊥ − q2|| and −q2|| = −(p′ − p)2|| = 2(EpEp′ − pzp′z −m2q).
ReΠz(q) and ImΠz(q)) in Eq. B1 are the real and imaginary parts of gluon self-energy along the direction of magnetic
field, respectively. In the static limit (q0 → 0), −ReΠz is the Debye mass mD,B . In the work of M. Hasan et al [87],
the imaginary part of gluon self-energy in strong magnetic field is given as
ImΠz(q)
q0
|q0→0 = −
g2
q
piT 2
2
− g
2
q2z
∑
f m
2
f |eqfB|
8piT
. (B2)
Thus we can see that ImΠz(q) vanishes in the static limit. Futhermore in chirality nonflip case pz ·p′z > 0, |Epp′z−Ep′pz|
and −q2|| can rewritten as,
|Epp′z − Ep′pz| =
m2q|p′2z − p2z|
|Epp′z + Ep′pz|
≈ m
2
q
Ep
|p′z − pz|, (B3)
−q2|| = 2(EpEp′ − pzp′z −m2q) =
2m2q(p
′
z − pz)2
EpEp′ + pzp′z +m2q
≈ m
2
q
E2p
(p′z − pz)2. (B4)
In the assumed hierarchy of scale eB  T 2, the form factor e− q
2
⊥
eB can reasonably be neglected due to q2⊥ ∼ −q2|| .
T 2  eB, and m2D,B always dominates over q2|| in the regime αs,BeB  m2q. Therefore the Eq. B1 can further reduce
to
C[fq(pz)]2→2 = 8piα2sTRCR(
eB
2pi
)
m2qβ
Ep
f¯0q (Ep, µq)(1− f¯0q (Ep, µq))
∫
dp′z
2pi
1
|p′z − pz|E′p/Ep
(B5)
× 1
m2D,B
f¯0q (Ep′ , µq¯)(1− f¯0q (Ep′ , µq¯)) (χq(p′z)− χq(pz)) .
For the small pz − p′z limit, χq(p′z)− χq(pz) can approximate as
(χq(p
′
z)− χq(pz)) ≈ (p′z − pz)∂pzχq(pz) = −(p′z − pz)∂p′zχq(p′z). (B6)
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Therefore the collisional term for 2→2 process when m2q  αseB is given by
C[fq(pz)]2→2 = −2α2s,BTRCR(
eB
pi
)
m2qβ
Epm2D,B
f¯0q (Ep, µq)(1− f¯0q (Ep, µq))f¯0q (Ep, µq¯)(1− f¯0q (Ep, µq¯))χq(pz) (B7)
In LLL approximation with the limit eB  T 2, m2D,B ≈
∑
f
αs,B |qfeB|
pi = 2αs,BTRCR
(
eB
pi
)
. Using C[fq(pz)] =
−βf¯0q (pz)(1 + f¯0q (pz))χq(pz)/τ we finally get thermal relaxation time of (anti-)quarks for f -th flavor in 2→ 2 process
1
τq(q¯)
|2→2(T, pz, µq) = αs,B
m2q
Ep
f¯0q (Ep, µq¯(q))(1− f¯0q (Ep, µq¯(q))) (B8)
In the anisotropic medium induced by strong magnetic field, thermal relaxation time involving anisotropic parameter
(ξ′) can be obtained by straightforwardly substituting f¯0q and αs,B in Eq. B8 with f¯
ξ′
q and αeff,B , respectively.
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